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Abstract
Lithium shows great promise as a material in high energy density batteries,
however, lithium dendrites growth limits the safety and allowable operating
condition for such devices. In this paper, we address the role of square wave
pulse on the growth dynamics of curved dendrites on the continuum scale and
large time periods by formulating analytical criteria. We quantify the optimum
rest period based on the interplay between diffusion and electromigration as
key factors for ionic flux. The accumulation of cations during pulse period in
the vicinity of dendritic tips can relax during a subsequent rest period, preventing further local exponential deposition/growth. Our dimension-free analysis
permits the application our results to a variety of electrochemical systems in
diverse scales.
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1. Introduction
Lithium metal is arguably one of the most promising anode candidate materials for use in high-energy and high-power density rechargeable batteries.
[1] Possessing the lowest density and smallest ionic radius, lithium has a very
high gravimetric energy density (ρ = 0.53 g.cm−3 ). Furthermore lithium is
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the most electropositive metal (E 0 = −3.04V vs SHE), therefore coupling with
any other cathode compound, it will likely provide the highest possible voltage, making it suitable for high-power applications such as electric vehicles.[2]
The prominent issue with the lithium comes from its very low surface energy,
leading to the formation of thermodynamically favorable branched dendrites
during electrodeposition during each charge period.[3] The exponentially growing amorphous structures can occupy a large volume in the cell, possibly could
reach the cathode and short the cell. Dendrites can also detach from their thinner necks through electrodissolution during subsequent discharge period. The
amorphous growth of branched dendrites is general to all rechargeable batteries. Consequently, inhibition of dendrites is a major challenge for utilization
of lithium in rechargeable batteries. Researchers have investigated how dendrites growth depends on such factors as current density, [4] electrode surface
morphology[5, 6, 7, 8] and impurities [9, 10], solvent and electrolyte chemical
composition [11, 12, 13], electrolyte concentration [14], powder electrodes [15],
adhesive polymers[16], temperature [17, 18]and mechanics [19]. Recent conventional characterization techniques also include NMR [20] and MRI. [21]

Earlier model of dendrites had focused on the electric field and space charge
as a responsible mechanism [22] while the later models focused on how ionic concentrations affect diffusion limited aggregation (DLA). [23] These mechanisms
all relate to the electrochemical potential [24], indicating that each could be
dominant, depending on the localizations of the electric potential or ionic concentration in the cell domain. However their interplay remains to be explored,
especially in continuum and larger time periods.

Pulse method has been qualitatively proved as a powerful approach for den-
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drite prevention [25], which has been utilized before for uniform electroplating.[26]
Previously we found experimentally that the optimum rest period is related to
the relaxation of double layer in the blocking electrode system [27] which can
be expressed as RC time. [28] We explained qualitatively how relatively longer
pulse periods with identical duty cycles (or idle ratio) will lead to longer exponentially growing dendrites. We developed coarse grained computationally
affordable algorithm that allowed us to reach to the experimental time scale
(ms), which provided insights for current study.

Dendrites instigation is rooted in the non-uniformity of electrode surface
morphology at the atomic scale combined with Brownian ionic motion during
electrodeposition. Any asperity in the surface provides a sharp electric field
that attracts upcoming ions as a deposition sink. Indeed the closeness of a
convex surface to upcoming ions is another contributing factor. In fact, the
same mechanism is responsible for the further exponential growth of dendrites
in any scale. During each pulse period the ions accumulate at the dendrites
tips (unfavorable) due to high electric field in convex geometry and during each
subsequent rest period the ions tend to diffuse away to other less concentrated
regions (favorable). The relaxation of ionic concentration during the idle period
provided a useful mechanism to achieve uniform deposition and growth. We
should emphasize that we study the scales far larger than the double layer (or
stern layer [29]) which is relatively small and comparable to the Debye length.
In such thin reduction sites, the ionic concentration is depleted and concentration approaches zero [30]; In contrast, our continuum-level study covers much
larger scale, extending to the cell domain.

In this paper, we develop analytical criteria for optimizing the optimal pulse
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Figure 1: Schematics of (a) Pulse wave and (b) Ionic displacements during pulse period.

charging parameters. We perform dimensional analysis to set our formulation
scale-free.

2. Methodology
In general, pulse charging in its simplest form consists of trains of square
pulse wave (tON ) and square rest (tOF F ) period of current (or voltage) (Fig. 1a).
Therefore, it can uniquely be defined with two parameters. The idle-ratio (γ)
determines how is the proportion of rest-to-charge period as:

γ=

tOF F
tON

(1)

while the pulse frequency (f ) controls the repetition rate of pulse waves:

f=

1
tON

(2)
1

Therefore the pulse duty cycle is simply: D =

1+γ
In general the electrochemical flux is generated from the gradients of concentration (∇C) and electric potential (∇φ). At the nanoscale, the ions of higher
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concentration regions tend to collide and repel more and, given enough time,
they diffuse to lower concentration regions following Brownian dynamics. In
the continuum description, time scales larger than in inter-collision times scales
(f s), these random movements can be described by the diffusion length (δ~rD )
as:
√
δ~rD =

2D+ δtĝ

(3)

where ~rD is diffusion displacement of individual ion, D+ is the cationic
diffusion coefficient in the electrolyte,δt is the large time interval and ĝ is a
random normal vector in space, representing Brownian dynamics. The diffusion
length represents the average progress of a diffusive wave in a given time, which
is obtained from diffusion equation. [31]
On the other hand, ions tend to acquire drift velocity in the electrolyte
medium, given enough time, and their electromigrative progress is given as:

~
δ~rM = µ+ Eδt

(4)

where δ~rM is the electromigration displacement, µ+ is the mobility of cations
~ is the local electric field. Mobility is related to diffusivity by
in electrolyte, E
Einstein relation (D = µRT )[24] and electric field is gradient of electric po~ = −∇φ ). Therefore the total effective displacement with neglecting
tential (E
convection (Ra < 1500) would be:

δ~r = δ~rD + δ~rM

(5)

The vector sum indicates the importance of directionality in Eqn. 5. The
diffusion either can help the migration or can hurt it based on local gradients
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Figure 2: Time profile of progress range in pulse period, compared with diffusion lead during
rest period. (Eqn. 7)

of concentration and electric potential. We split the characterization to find
optimal idle ratio (section 2.1) and optimal rest period (section 2.2).
2.1. Optimum idle ratio (γ)
The ionic flux is the result of cumulative contribution from diffusion and
electromigration. During pulse period both mechanisms are responsible for ionic
flux, while the diffusion is the sole drive during the subsequent idle period for the
relaxation. Therefore we base our formulation on the interplay between them.
1

(Fig. 1b). Obviously, the diffusion length scales as t 2 and electromigration
scales with t; Therefore comparing linear and square root trends, one expects
that after giving a sufficient time δteq , the electromigration progress takes over
the diffusion lead; the comparison leads to:

δteq =

2RT
~ 2
µ|E|

(6)

The diffusion displacement is a random walk, therefore it can either contribute to electromigration or prevents its progress (Fig. 1b) , therefore for a
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given fraction of time (δt), we have:
√
√
~
~
+ | 2D+ δt|
|µ+ Eδt|
− | 2D+ δt| ≤ |δ~r| ≤ |µ+ Eδt|

(7)

~ and D+ are the local cations mobility, electric field and diffusivity
where µ+ , E
respectively.
During each idle period, the concentrated ions in the dendritic tips tend to
diffuse away. Therefore in order for destroy the concentration gradient created
in the tip of dendrites during the charge, the average displacement during idle
period has to be competitive enough (Fig.2) where:

p
p
~ ON | + | 2D+ tON |
| 2D+ tOF F | ≥ |µ+ Et

(8)

without further look, it is obvious that tOF F > tON , therefore γ > 1 ;
further elaboration leads to:
~ 2
µ+ |E|
√
tON ≥ 0
γ−2 γ+1−
2RT
which, considering

√

(9)

γ ≡ x becomes a 2nd order polynomial. The obtained

solution δtc would yield the minimum rest period for effective vanishment of the
formed concentration gradients in the dendritic sights.(Fig. 4) The physically
meaningful positive root for Eqn. 9 would be:

γ ≥ 1 +

s

2
~ 2 tON
µ|E|

2RT

(10)

2.2. Optimum idle period
The steady state ionic concentration profile in the vicinity of curved electrodeposits can disappear during subsequent idle period, given sufficient time.
The relaxation period of this concentration gradient doesnt necessarily need to
7

Figure 3: The curved dendrites with the concentration gradient the vicinity of surface.

be same as its establishment period (Sand’s time [32]). It has been shown that
the stern later (or electrical double layer) is in the order of Debye length and
has magnitude of

D
v

which is very small (D and v being the anionic diffusivity

and deposit growth velocity).[33] Such relaxation for small scale diffuse double
layer has been studied for flat blocking electrodes. [28] Herein, we address the
relaxation in the continuum scale with curved boundary rising from the tip of
growing dendrites.
Therefore from Fig. 3 we define dimensionless dendrite radial variable ξ as:

ξ=

y
RO − RI

(11)

where RI is the dendrite tip curvature and RO is the radius of uniform
concentration region, therefore 0 ≤ ξ ≤ 1. Subsequently we can define the
normalized concentration ψ as:
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ψ=

C(ξ) − C0
Cmax − C0

(12)

where C0 and Cmax are the uniform and max concentrations respectively and
0 ≤ ψ ≤ 1. The accumulation of ions occurs in this region where in continuum
level possess radii of curvatures ranging from microns (r ∼ 10−6 ) to nearly flat
surfaces (r → ∞), therefore it is crucial to consider the curved geometry as a
boundary. The simplified diffusion equation in polar 2D coordinates is:
∂ψ
= D+
∂t



∂ 2 ψ 1 ∂ψ
+
∂r2
r ∂r


(13)

which is invariant to the azimuthal direction for our purpose. In the inner
surface (RI ) the flux (reduction rate) will be zero during rest period since there
is no depletion. The dendrites would no accept any ions in this period. In the
outer boundary (RO ) the concentration is identical to the rest of electroneutral
medium which is in average constant, therefore:



 ∂ψ

(0, ξ) = 0
∂y



ψ(1, ξ)
=1

(14)

The other implication from this that the sum of total ions encapsulated in
the region ξ ∈ [0, 1] will be reduced in time:
Z

1

ψ(ξ, t)dξ ≤
0

1
2

(15)

2.3. Numerical solution
Eqn. 13 can be solved numerically by implementing finite difference scheme.
Assuming ψij representing the normalized concentration in the normalized radial
direction ξ(i) at the time t(j), discretization in the time (δt) and radial direction
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(δr) gives:
ψij+1 − ψij
= D+
δt

j
j
− 2ψij + ψi−1
ψi+1
1
+
δr2
r

j
− ψij
ψi+1
δr

!!
(16)

D+ δ
which, considering dimensionless quotient Q =

δr2

, can be re-arranged for

each individual finite-difference point as:

ψij+1





δr
δr
j
j
j
= 1 − 2Q − Q ψi + Q + Q ψi+1
+ Qψi−1
r
r

(17)

Correspondingly the no-flux boundary conditions on the dendrite tip and the
constant concentration on the outer boundary would translate in finite difference
scheme into:



 ψj = ψj
1
2

 ψj = 0
end

(18)

Equation 17 should possess enough resolution in time (δt) to capture the
variations in space (δr). Therefore the stability criterion for finite difference
solution process requires:

1−

2D+ δt D+ δt
−
≥0
δr2
rδr

(19)

which in order to hold for ξ ∈ [0, 1] will lead to:
D+ δt
+
δr ≥
2RI

s

D+2 δt2
+ 2D+ δt
4RI2

(20)

Considering this criterion, the Eqn. 13 can be solved numerically using finite difference method. The obtained profile generally has exponential decay
behavior. In other words, as the concentration gradients becomes less, the rate
of relaxation decreases as well, which vanishes for the concentration gradients,
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Figure 4: Behavior of idle ratio (γ) versus the dimension-less pulse period (tON ), demonstrating initial exponential decay behavior, transiting gradually to linear regime.

very close to equilibrium. Further analysis would need significant time and
computational power to pursue with no particular gain. Therefore we define
the normalized relaxation error η(t)) as:

η(t) =

ψmax (t) − ψmin (t)
ψ0,max − ψ0,min

(21)

which is a measure of how the concentration is close to the equilibrium.

3. Results and discussion
Eqn. 9 in fact represents the region in Fig. 2, where the possible solution lies
within δt ∈ [0, δtc ]. This represents that the rest period lead to be competitive
enough with average ionic progress in pulse period. Solving 2th order polynomial, we obtain the relationship between idle ratio γ and the dimensionless value
√
~2
µ+ E
t while they migrate
2RT tON . As stated previously, the ions diffuse w.r.t ∼
as ∼ t. Two regimes of behavior are obvious from Eqn. 9. Initially, the idle
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ratio γ decays exponentially versus the dimension-less charge period tON . The
exponential decay behavior indicates that relatively shorter amount of idle ratio
is needed to catch up with the applied pulse period during relaxation. This is
√
also obvious from Eqn. 9, as the term γ is comparable and in the order of γ.
Later on for bigger values of tOn , the transition occurs and in the threshold the
idle ratio becomes linearly proportional to dimension-free tON . In other words,
with the increase of pulse period tON and neglecting the lower order offects, we
reach the limit γ ∝ tON , which directly means tOF F ∝ t2ON , therefore for higher
applied pulse period tON , the equivalent idle period tOF F for concentration relaxation has to be significantly higher. As well in the Eqn. 10 if tON increase
indefinitely, the simplification will lead to linear relationship. Thus fine-enough
pulse period is recommended for charge relaxation to be competitive with pulse
effect. The general comparison of the pulse charging versus uniform charging of
the same deposited ions remains an open question.
The relaxation dynamics in the curved geometry of dendritic deposits tip
is shown in Fig. 5a. Having the identical ionic depth to relax into, the high
curvature tips lead to more barrier for relaxation relative to flat surface. The
underlying reason is the geometry of the domain. As the dendrite surface with
smaller area and high concentration is exposed to expanded space on the outer
radius (RO > RI ) with lower concentration, there will be larger free domain
to diffuse into, relative to flat surface. Therefore the relaxation occurs with
lower speed for convex surfaces. This is also obvious from Eqn. 13 as the term
1 ∂
r ∂r

becomes significant for higher curvatures and therefore would take more

iterations to converge. Following the same phenomenology, the relaxation in
concave surfaces occurs at faster rate relative to flat surface, as the concentrated
atoms have relatively less space to diffuse into.
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(b) Convergence.

(a) Relaxation.

Figure 5: (a) The relaxation of concentration gradient in time for RLI = 10 (b) The convergence of relaxation error (η) versus number of iterations (n) for various dimensionless dendrite
tip radius ( RLI ).

4. Conclusions
In this paper, we have developed an analytical model for obtaining the most
effective square pulse charging parameters for the given electrochemical cell
based on the localizations of the ionic concentration and electric field. The
dimensional analysis is performed to obtain the critical time threshold δtc , which
represents, the idle time period tOF F required for the given corresponding pulse
period tON is represented in terms of cell and solution transport properties. The
nonlinear role of the dendrite curvature on the relaxation is demonstrated. The
results are useful for estimating the optimum pulse role on the dendrite-prone
electrochemical environment particularly those of involving lithium.
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